Theorem 1. A non-negative f(z) is integrable on [a,b]. Then, f?(x) is
integrable on |a,b].

Proof. Since f is integrable, it is bounded. Hence, we have 0 < f(z) < M
for some constant M.
In addition, given € > 0 there exists § > 0 such that
€
Us(P) = Ly(P)l < 537

holds if |P| < ¢. Namely,

n
> Up(P) = Ly(P) =Y (i — wi1)(M; — my).

i=1

€

2M

where P = {z;}" o, M; = supp, , .1 [, and m; =inff,,_ .1 f.
Now, f > 0 implies

Mi2 = sup f?, m? = inf f2
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Moreover, 0 < f(z) < M yields 0 < m;, M; < M. Hence,

n

Up(P) = Lpa(P)| = ) (wi — 2i-1) (M —m)
=1

= (2 —xi—1)(M; — m;)(M; +my;)
i—1

< Z(fxz = zi-1)(M; —m;)(2M)
i=1

ZQM’Uf(P) — Lf(P)| < €.
Thus, f? is integrable on [a, b]. O



